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Abstract. The transition of the binary gravitational lens from 
the equal mass case to small (planetary) mass ratios q is stud- 
ied. It is shown how the limit of a (pure shear) Chang-Refsdal 
lens is approached, under what conditions the Chang-Refsdal 
approximation is valid, and how the 3 different topologies of 
the critical curves and caustics for a binary lens are mapped 
onto the 2 different topologies for a Chang-Refsdal lens with 
pure shear. It is shown that for wide binaries, the lensing in 
the vicinity of both lens objects can be described by a Taylor- 
expansion of the deflection term due to the other object, where 
the Chang-Refsdal approximation corresponds to a truncation 
of this series. For close binaries, only the vicinity of the sec- 
ondary, less massive, object can be described in this way. How- 
ever, for image distances much larger than the separation of the 
lens objects, any binary lens can be approximated by means 
of multipole expansion, where the first non-trivial term is the 
quadrupole term. It is shown that an ambiguity exists between 
wide and close binary lenses, where the shear at one of the 
objects due to the other object for the wide binary is equal to 
the absolute value of the eigenvalues of the quadrupole mo- 
ment for the close binary. This analysis provides the basis for a 
classification of binary lens microlensing events, especially of 
planetary events, and an understanding of present ambiguities. 



Key words: gravitational lensing - binaries: general - planetary 
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1. Introduction 

The binary gravitational lens is the appropriate model with 
which to describe lensing by a binary star or by a star sur- 
rounded by a planet. While both systems fit into this model, 
there are some typical properties of the binary lens that essen- 
tially differ in both cases. The aim of this paper is to study the 
properties of binary lenses in the limit of extreme mass ratio 
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and extremely close and wide separations, and to show explic- 
itly how these limits arise and under what conditions the ap- 
proximation of the binary lens by the simplified limiting cases 
is successful or not. 

The binary lens for the equal mass case has been discussed 
in great detail by Schneider & WeiB (1986), who show that, de- 
pending on the distance between the two lens objects, there are 
3 different topologies of the critical curves and caustics. Erdl 



& Schneider (1993) have shown that the same 3 topologies of 



the critical curves and caustics apply to an arbitrary mass ratio 
and have determined the separations between the lens objects 
for which transitions between these 3 topologies occur. 



On the other side, Chang & Refsdal ( \197% |1984| ) have dis- 
cussed a lens model, now known as the 'Chang-Refsdal lens' 
in which an effective distortion term, characterized by the 2 pa- 
rameters convergence k and shear 7, is added to a point-mass 
lens. Their aim was to discuss the effect of a star in a lensing 
galaxy yielding to a splitting of one of the images due to the 
galaxy into microimages and thereby altering the observed im- 
age flux. This effect is the original meaning of 'microlensing'. 

The relationship between the Chang-Refsdal lens and the 
binary lens has first been discussed by Schneider & WeiB 
(1986) yielding a relation between the shear 7 and the lens sep- 
aration d and the mass ratio q for wide binary systems. This 
Chang-Refsdal limit has been rediscovered in the discussion 
of the binary lens models for the MACHO LMC-1 event (Do- 
minik & Hirshfeld |l996| ). 

It has been mentioned that the effect of a planet around 
a lens star can be described as lensing by the star and a 
planetary distortion involving a Chang-Refsdal lens (Gould & 
Loeb 119921 Gaudi & Gould 11997b. 



Griest & Safizadeh (1998 1 have discussed the case in which 



the source star passes close to the primary lens star and there- 
fore exhibits a high peak magnification. In this case, a small 
'central caustic' is located near the primary lens s tar yi elding 
deviations from the point-lens case. Gaudi et al. (1998) have 



pointed out that this central caustic is affected by all planets 
around the lens star rather than by a single planet. 

Although there have been discussions of some binary lens 
limits, there has not yet been a comprehensive and systematic 
discussion of all of these effects. This discussion combines the 
different views on specific subcases discussed in previous pa- 
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pers and puts them into a new context, yielding new interesting 
conclusions and a comprehensive classification. In particular, 
the transition towards the extreme cases and the validity of the 
limits as approximations is poorly discussed in the literature. I 
present expansions that yield the exact result as infinite series 
and approximations as finite series. 

The applications of the results derived in this paper for the 
characterization of binary lens microlensing events and their 
ambiguities will be discussed in a separate paper (Dominik & 
Covone, in preparation). 

In Sect. H the basic quantities relevant to the discussion are 
defined. In order to study how the binary lens approaches its 
limiting cases, it is necessary to review some properties of the 
Chang-Refsdal lens in Sect. |J, as well as to discuss some basic 
properties of the quadrupole lens in Sect. Q In Sect. ||, the 3 
different topologies of the critical curves and caustics of the bi- 
nary lens as a function of mass ratio are discussed. The vicinity 
of the secondary object is investigated in Sect. || by means of 
the full lens equation and a Taylor-expansion of the deflection 
due to the primary object. It is shown how the Chang-Refsdal 
caustics evolve from the binary lens caustics as q — > 0. In 
Sect. [7l the results of Sect. || are compared with the pertur- 
bative picture of Gould & Loeb ( |1992 ) and Chang & Refsdal 
( 1979[ ). In Sect. ||, the behaviour of the central caustic is dis- 
cussed and it is shown that there is an ambiguity between close 
and wide binaries, in which the shear near one object due to the 
other object for the wide binary is equal to the absolute value of 
the eigenvalues of the quadrupole moment for the close binary. 
Finally, in Sect. ^, the similarities and differences of diamond- 
shaped caustics produced by binary lenses, quadrupole lenses, 
and pure shear Chang-Refsdal lenses are shown. Two appen- 
dices show the derivation of the Taylor-expansion in real nota- 
tion (Appendix A) and in complex notation (Appendix B). In 
Appendix B, the convergence radius of the series is also de- 
rived. 

2. The lens equation 

Consider a source star at distance Da, from the observer, a lens 
composed of N point-like objects at distance from the ob- 
server, and let the distance between lens and source be i?Ls [] 
With M being the total mass of the lens, the characteristic an- 
gular scale of this system for gravitational lensing is the angular 
Einstein radius 9e given by 



4GM D LS 



(1) 



The lens equation yields the true angular position of the source 
object (3 as a function of its apparent (lensed) angular position 
6. With dimensionless coordinates x = 9 /6b and y = /3/6-e, 
the lens equation reads 



y = x — a(x) 



(2) 



The difference in the distances of the lens objects along the line- 
of-sight is assumed to be much smaller than Dl and Dls, and ne- 
glected. 



where ot(x) gives the deflection due to the lens, and can written 
as the gradient of the deflection potential ip (e.g. Schneider et 



al. 1992, p. 159) 



(3) 



Consider N lens objects with mass fractions m r (r = 1 . . . N), 
where 



r=l 



m r = 1 . 



(4) 



located at angular positions x^ 6b- The deflection potential tp 
is then given by 



N 

ip(x) = m r In 

r=l 



X - X W 



so that the lens equation reads 



y 



N 



,0) 



\x-x( r )\ 2 



(5) 



(6) 



An important characteristic of a given lens model are the 
positions and shapes of the critical curves and the caustics. The 
critical curves C cr it are defined by the set of points in the space 
of observed angular positions for which the Jacobian determi- 
nant of the lens mapping vanishes, i.e. 



(7) 



while the caustics C caus t are formed by the set of points in 
true source position space onto which the critical curves are 
mapped, i.e. 



^caust — ^ 2/caust |?/caust — 



crit ) ; 



<1(, « ( ff ) I^Hi i = «) 



(8) 



As a source touches a caustic, two of its images merge at a criti- 
cal curve and disappear once the caustic has been crossed. This 
means that the number of images for a given source cha nges b y 
two as a source crosses a caustic (e.g. Chang & Refsdal 1979 ). 

For a binary lens, consider object 1 with mass fraction mi 
being placed at the angular position (d/2, 0) #e and object 2 
with mass fraction m,2 = 1 — m\ at the angular position 
(—d/2, 0) 0e, so that d is the angular separation between the 
lens objects in units of 6*e- From Eq. (||), the lens equation then 
reads 



yi(xi,x 2 ) = xi - mi 



xx - d/2 



(si - d/2) 2 + x\ 



-(1-mi) 



x\ + d/2 



y2{x\,x 2 ) = x-i-mx 



(x x + d/2) 2 + x\ 

X2 



(xx - d/2) 2 + x\ 



-(1-TOl) 



Xi 



( Xl +d/2) 2 + x 2 



(9) 
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In some cases, is more convenient to write the lens equa- 
tion in different ways, e.g. if one wants to study objects of very 
different masses (e.g. a star and a planet). Throughout this pa- 
per, object 1 is chosen to be the heavier, 'primary', object, i.e. 
mi > 0.5, while object 2 will be the less massive, 'secondary', 
object. For planetary events, the primary object is the star and 
the secondary object is the planet, but to avoid being restricted 
to this astrophysical application, I will not talk about 'star' and 
'planet'. 

Let us define the mass ratio between the secondary and the 
primary object as 



m 2 
mi 



1 — mi 
mi 



(10) 



where < q < 1. The angular Einstein radii of the individual 
objects 6^} and #| 2 ' are given by 



y E ./ TOl = 



i + <? 



(ii) 



and the angular separations d M and d ^ between the lens ob- 



jects in units of 6^} and 6*| 2 ' read 



VI - vri\ 



= d v / l + <T 1 = 



(12) 



By defining coordinates x M and y M centered on the pri- 
mary object that denote angular positions in units of 0$ , the 
lens equation reads 



[1] 



.[1] 



.[1] 



,.M(V [1] T [1] ) - T [1] 



dm 



.[1] 



.[1] 



(13) 



Therefore, for q <C 1, it seems straightforward to characterize 
the binary lens as a point-lens at the position of the primary 
object and treat the secondary object as perturbation (Gould & 



Loeb 1992; Gaudi & Gould 1997; Griest & Safizadeh 1998) 



For distances from both objects much larger than their sepa- 
ration, however, it is more appropriate to introduce coordinates 
(,X~i, X 2 ) and (Yi,Y 2 ) centered on the center of mass of the 



lens objects, so that object 1 is located at (di, 0), and object 2 
is located at (— d%, 0), where d\+ d 2 = d and 



di = —7— d , d 2 = —— d . 
1 + q 1 + 3 

The lens equation in these coordinates reads 



(14) 



Y 1 (X 1 ,X 2 ) = X 1 



1 Xi 



1+g 



1 + q (Xx-j^d^+Xi 

q 



x 1 + T ^d 



^2(^1:^2) — x 2 



1 + 9 {X 1 + ^- q df + X. 

1 x 2 



l + q { Xl -^-dY + Xj 

q 



X 2 



1 + 9 (X 1 + T 4^d)2 + X 2 2 



(15) 



For X\ ^> d, one recovers the lens equation of a point-mass 
lens at the center of mass. 



3. The Chang-Refsdal lens with pure shear 

The lens equation of a Chang-Refsdal lens (Chang & Refsdal 



1979| , |1984J) with pure shear reads 

Xl 



yi(xi,x 2 ) = (1 + j)xi - 
y 2 (x!,x 2 ) = (1 - i)x 2 - 



x 2 



(16) 



where I7I ^ 1, that is the lens equation of a point-lens plus 
shear terms. Since changing the sign of 7 is equivalent to an 
interchange of the coordinate axes, we restrict ourselves here 
to the case 7 > 0.0 The Jacobian determinant of this mapping 
vanishes for 



[{l+l){x\+xl) 2 +x\-xl} ■ 
■ [(1 - ^(xj + x 2 2 f -xj + x 2 2 ] - Ax\x\ = , 



(17) 



yielding the condition for critical curves. 

Solutions on the axes can be found easily. For x\ = 0, 
Eq. (Jl7|) reduces to 



[(1 + 7)33-1] [(1-7)^ + 1] =0, 



which directly yields the solutions (0, ±x 2 ) where 



» 



1 



\/r+7 



for all positive 7 7^ 1, and (0, ±x 2 h ^ ) where 



1 



1 Vt-T 

for 7 > 1. 



(18) 



(19) 



(20) 



As we will see in the later sections, binary lens components lo- 
cated on the a?2-axis yield 7 > 0. 
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Fig. 1. Examples for critical curves (left) and caustics (right) for a pure-shear Chang-Refsdal lens. < 7 < 1 (top): The curves 
shown correspond to 7 = 0.1, 0.2, 1 /3, 0.5, 2/3, and 0.8, where the critical curves closest to the circle correspond to the smallest 
7 and larger caustics correspond to larger values of 7. 7 > 1 (bottom): The curves shown correspond to 7 = 1.0526, 1.25, 1.5, 
2.0, 3.0, and 5.0, where larger critical curves and larger cautics correspond to smaller values of 7. 

Since x\ = maps to y\ = 0, one immediately obtains For x 2 = 0, one obtains 
the intersections of the caustics with the j/2-axis which are at 

(0, ±yi r) ), where = y 2 (0, -x { 2 r) ) (r = a, b) and [(* - 7)*i - l] [(1 + 1>\ + l] = , (22) 

which, for positive 7, yields the solutions (±x^ a \ 0) where 

^ = 77=< ^ = 2^. (21) 4 a) = -^ (23) 
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for < 7 < 1. The critical points (±x^ , 0) are mapped onto 
the intersections of the caustic with the j/i-axis at (±y£ , 0), 
where 



(a) 

Vx = 



2n 



VT^7 



(24) 



Let us now discuss the two cases 7 < 1 and 7 > 1. For 
7 < 1, there is one critical curve which intersects the rri-axis 



at (ix^ , 0) and the 22-axis at (0, ±x^'). For 7 — * 0, 



0*h 



(a) 



1+ i 

1-1 



(25) 



so that the critical curve tends to a circle with radius 1 for 
7 -> 0. For 7 -> 1, xf -> 1/V2, while aij^ — > 00, so that the 
size of the critical curve grows to infinity (like (1 — 7)~ 1 / 2 ). 
The critical curve is mapped to a diamond shaped caustic which 
intersects the yi-axis at (±2/1 , 0) and the ?/2-axis at (0, ±y^). 
These intersections are the positions of the 4 cusps of the caus- 
tic. The extent of the caustic along the j/i -axis (s£) and along 
the 2/2 -axis (52) is given by 



si 



■S2 



= 2yi a) = 
- 2y£° = 



47 



47 



VT+7 



47 + 27^ 



47 - 27 2 



(7 « 1) 
(7 « 1) 



(26) 



(27) 



Note that si > S2, and Sj ~ 47, s\ — S2 ~ 47 2 for 7 c 1. 
Further note that the size of the caustic increases with 7 and for 
7 — ► 1, si — ► 00 and S2 — > 2\/2. Examples for the shape of the 
critical curves and caustics for < 7 < 1 are shown in Fig. |l] 
(see also Chang & Refsdal |1984| ). 

For 7 > 1, there are no intersections of the critical curves 
with the xi-axis, but 4 intersections with the X2-axis, namely at 
(0, ±x 2 a ^) and (0, ±x^). There are two critical curves, where 
one of them intersects the positive and the other one the nega- 
tive £2 -axis. For 7 — > 00, one obtains 



» 



1 

1 

» 



1 - — 



1 

27 

1 

20" 

(b) 



(28) 



so that x 2 and a; 2 tend to zero like 1/^/7 and the size of 



the critical curves (between x% and x^ 1 ) tends to zero like 



>h 



7 



-3/2_ For 



7 



1, x 



(a) 



1/v^, while 



„( b ) 



00, so that, as 



for < 7 < 1, the size of the critical curves grows to infinity 
(like (7 — l) -1 / 2 ). Like the critical curves, the caustics do not 
intersect the t/i-axis, but there are four intersections with the 
j/2-axis, namely at (0, ±y 2 a ^) and at (0, ±2/2 ). There are two 
caustics shaped like a triangle, each with 3 cusps, where one 
cusp is at (0, ±y 2 a ^) pointing towards larger |y 2 |. The inner 
distance between the triangular shaped caustics is given by 



Ai = 2y< b) = 4 v/t - T ~ 4/y ( 1 " 



1 

27" 



3 

87* 



(29) 



and the outer distance (between the cusps on the y 2 -axis) is 



2yW 



VTT7 ~ V7 V 2 7 8 7 2 



(30) 



where the expansions are for 7> 1. The 'size' of the caustics 
in 2/2 -direction is given by 



1 2t 
S2 = -(A C -A i =-7t= 

2 Vl + 7 



2^/t - T~7" 3 / 2 . (31) 



Note that the size of the caustics decreases with larger 7. For 
7 ^> 1, the size of the caustics is 7~ 3 / 2 and the distance be- 
tween the two caustics is 4^/7. For 7 — ► 1, the extent of the 
caustics in y\ -direction goes to infinity, while A; — * and 
A — > 2v / 2, which meets the behaviour of the case 7 < 1 
for 7 — ► 1. Examples for the shape of the critical curves and 
caustics for 7 > 1 are shown in Fig. [I] (see also Chang & Refs- 
dal p984h. 



4. The quadrupole lens 

For a distance from the lens masses that is much larger than 
the distance between them, the deflection potential can be ap- 
proximated by means of the multipole expansion (e.g. Landau 
& Lifshitz p97lt Jackson p975| ). 

By expanding the term f(x — x^) = In \x — x^ r ' | in the 
deflection potential iji (see Eq. (n)) as 



/(*-*«) ~ /(x)-(V/)(x)-xW + 

a 2 / 



2 ^-^ ^— ' dxjdx,, 
i=i j=i 1 J 



(as) Xj 



(32) 



one obtains for t/> 



TV 



TV 2 2 



1 V"^ V"^ V - ^ \x\ §ij — 2XiXj ( r ) ( r \ 

9 LLL ^4 ~ m r X i >X ) ■ 03) 



r— 1 i— 1 j — 1 



With 

2 2 



»=1 J=l 

2 2 

= ^ ] ^ ] I 3 '' ^| Sij X{Xj 



the deflection potential finally reads 



a; • p 1 1 



2 2 



#r)=ln|*|- , 



9 1^14 EE 1 ' 1 ^^ ' 
»=i j=i 



(34) 



(35) 



where p is the dipole moment 



N 



(36) 
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i I 


x, 



0.2 




1 - 



0.2 



j I 





Fig. 2. The shapes of critical curves 
(left) and caustics (right) of a 
quadrupole lens for Q < A, Q = jk, 
and Q > 4j. There are some addi- 
tional transitions for the caustics for 
Q > 0.25 which are not shown here. 



and Qij denotes the components of the quadrupole moment Q By choosing the center of mass being the coordinate origin, 

the dipole moment vanishes. For a binary lens with object 2 at 
(37) (~ d 2,0) and object 1 at (di,0), Eqs. @ and ((IJ) yield the 
quadrupole moment 



TV 



Q ij =J2 m r(\x^\ 2 6 ij -2x? ) x<f ) ) : 



where Q is symmetric and traceless, i.e. Qu = —Q22 and 
Q12 = Q2V From the deflection potential ip given in Eq. (|3j 
and from Eqs. (Q) and (^|), one obtains the lens equation 

x \x\ 2 p — 2(x ■ p)x 



V 



x 



2(x T Qx)x - \x\ 2 Qx 



Q — Q22 — —Qu 
Q12 = Q 2 i = 0. 
For g« 1, one obtains 



qd 2 



(l + # 



>o, 



(38) Q = 



'7 



(1 + q) 3 



(39) 



(40) 
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using the angular separations d M and d ^ in units of 6-£ and 
#g 2 ' as defined in Eq. (|l2|). Since Q is symmetric and traceless, 
the eigenvalues of Q differ only in sign, and Q is their abso- 
lute value. From Eqs. ( f38| ) and ([39]), the lens equation for the 
quadrupole limit of the binary lens reads 



yi{xi,x 2 ) = x\ 



Xi 



X2 



X -I I X 2 

X -i ~\~ X o 



Q 



{x\+xlf ' 

2vT ' 



(zf + zl) 

and the derivatives of the lens mapping are 



(41) 



dyi 

dxi 



dx 2 



(xi,x 2 ) 



(xi,x 2 ) 



+ 



dyi , > 

^—(Xl,X2) 

ox 2 



(x\+xir 

3Q 

'{xl+xlY 

o '2 

(xi+xir 

" (x? + xi) 4 ^i + ^ 

2xiX2 



(x\ + x\- 18x 2 x 2 ) 



a — i x l> x 2 
OX\ 



(x 2 +x|) 



2\2 



12Q 



(x(+x 2 2 ) 



j (x\x 2 - xxxf) 



(42) 



From the derivatives, the intersections of the critical curves 
with the axes can be obtained as follows. For x\ — 0, one 
obtains the condition 



1 



1 



3Q 



1 



1 



3Q 



0. 



(43) 



which is fulfilled if one of the factors becomes zero. Satisfying 
this condition with the first factor yields 



C 2 = 7^M * V'l~"l^ 



(44) 



For Q > i, there is no solution; for Q = i, there is the 
solution X2 = ±4 while for Q < A, there are the two 
solutions 



,r 



(a)< 
2 

and 



= 2 n 



1-12Q ~ 1-3Q-9Q 2 (Q< 1) ,(45) 



1-V1-12Q ^3Q + 9Q" (Q<1). (46) 



Satisfying the condition of Eq. (43) with the second factor 
gives 

' " ' (47) 



x 2 — 
where only 



1± V1 + 12Q 



1 + 12Q - 1 ~ 3Q - 9Q Z (Q < 1) , (48) 



yields a solution (Q > 0). 

Along the other axis (x 2 — 0), one obtains the condition 



1 



1 



3Q 



1 - 



1 



3Q 



= 0. 



Satisfying this condition with the first factor gives 



1-12Q-1 



(49) 



(50) 



which does not yield solutions for Q > 0, while the second 
factor gives 



1 + 12Q 



(51) 



yielding the solution 



1 



= - ^1+ \J\ + V2Q\ ~ 1 + 3Q-9Q 2 (Q< 1).(52) 

The points (±x^ , 0) and (0, ±x 2 a ^) are the intersections 
of the axes with a critical curve near the Einstein ring. This crit- 
ical curve is mapped to a diamond-shaped caustic with 4 cusps 



on the coordinate axes at (±y[ a \ 0) and (0, zty^'), where 



(a) _ 



Vi 

(a) 
2/2 



yi(4 a \o) 



2/2(0,- 



» 



-2Q + 9Q 2 (Q<1), 
)~2Q-9Q 2 (Q<1). 



(53) 



This shows that for Q <C 1, the size of the caustic is 4Q, where 
the extent along the 1/2-axis exceeds the extent along the yi-axis 
by 18Q 2 . 

The points (0, ±x 2 b ^) and (0, ix^ ') describe intersections 
with the X2-axis of small closed critical curves in that region, 
corresponding to triangular-shaped caustics on the j/ 2 -axis in- 
tersecting the axis at 



2/2 



( b ) tc\ ( b )\ 

~ 2/2(0, -X 2 ') 



2 -VZQ- 1/2 - V3Q 1 / 2 - ^V3Q 3 / 2 (Q«l), 



y 2 c) = y 2 (0, -x { ?) 

~ ^Vsg- 1/2 - Vsq 1/2 + ^Vsg 3 / 2 (q « 1) .(54) 

9 4 

Thus the size of these caustics along the y 2 -axis is 3V3Q 3 ^ 2 
for small Q, and tends to zero for small Q, while the caustics 
themselves move to infinity as Q _1//2 . 

Fig. U illustrates the topologies of the critical curves and 
the caustics. The critical curves have two different topolo- 
gies: a single curve for Q > i and an outer curve with 
two smaller inner curves for Q < ■X. The outer curve for 

Q < j2 an d tne on ly curve for Q > jo mtersect tne axes at 
(±Xj , 0) and (0, ±x 2 ), while the inner curves intersect the 
X2-axis at (0, ±x 2 ) and (0, ±x 2 c ' ) ). The corresponding caus- 
tics for Q < J2 are a diamond-shaped caustic at the origin and 
two triangular-shaped caustics along the jy 2 -axis symmetrically 
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placed with respect to the yi-axis. At Q = yj, these caus- 
tics merge to form a six-cusp caustic as the two inner critical 
curves touch the outer curve at (0, ±v2/2). Though the only 
change in the shape of the critical curves for Q > is that the 
dumb-bell shape transforms into an oval shape, there are some 
transitions in the shape of the caustics. For Q = 0.25, the caus- 
tic touches itself at the origin and becomes self-intersecting for 
Q > 0.25. At the same time, the left and right caustics break 
up into 3 caustics each, so that the six-cusp caustic becomes a 
self-intersecting 10-cusp caustic. After a few other transitions, 
a two-cusp caustic arises, with the two cusps on the xi-axis and 
pointing inwards. 



5. The different topologies of the critical curves and 
caustics of the binary lens 



For a mass ratio q = 1, Schneider & WeiB (g_986() have shown 
that 3 different topologies of the critical curves and the associ- 
ated caustics exist, which are named 'close binaries', 'interme- 
diate binaries', and 'wide binaries' in this paper. Close binaries 
correspond to separations d < 1/ \/2 and have one large criti- 
cal curve with 2 smaller critical curves inside it, positioned on 
the X2-axis symmetrically about the si-axis. The large criti- 
cal curve is mapped to a central diamond-shaped caustic with 
4 cusps, while the 2 small critical curves are mapped to two 
triangular-shaped caustics with 3 cusps each, located along the 
j/2-axis and symmetrically to the yi-axis. For d — ► 0, the small 
critical curves become smaller and move towards the xi-axis, 
while the larger critical curve tends to a circle of unit radius. In 
the same limit, the triangular-shaped caustics become smaller 
and move to infinity, while the diamond-shaped caustic degen- 
erates into a point at the origin. At d = 1/ v2> the 2 inner 
critical curves touch the large critical curve to form a single 
dumb-bell shaped curve, and the diamond-shaped caustic and 
the triangular-shaped caustics touch with two of their cusps on 
each side, creating one caustic with 6 cusps for 1 / \[2 < d < 2, 
which marks the regime of intermediate binaries. At the bound- 
ary between intermediate and wide binaries at d = 2, the crit- 
ical curve touches itself at the origin and separates into two 
curves for d > 2, while the six-cusp caustic separates at the ori- 
gin into two diamond-shaped caustics. The wide binary regime 
is entered for d > 2, where the critical curves tend to circles 
with radius 1/V2 around each lens object, while the caustics 
move towards the positions of the two lens objects, and degen- 
erate into point caustics for d — > oo. The shape of the critical 
curves and caustics for the different topologies is illustrated in 
Fig. | 



Erdl & Schneider (1993) have shown that the topologies 
of the critical curves and caustics remain the same for any ar- 
bitrary mass ratio. However, the critical curves and caustics 
are stretched and shifted in position, and have different size. 
Furthermore, the separations at which the transitions between 
close, intermediate, and wide binaries occur depend on the 
mass ratio. For the general case, the bifurcation values d c be- 
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Fig. 3. The 3 different topologies of the critical curves (left) and 
caustics (right) of a binary lens with q = 1: close, intermediate, 
and wide. The transitions occur at d = 1/ y2 and d = 2. 
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Fig. 4. The bifurcation values between the 3 different topolo- 
gies of the caustics (and critical curves) as a function of the 
mass ratio q. The top panel shows the bifurcation values be- 
tween intermediate and wide binaries (d w , dffl)- For q = 1, 
d w (q = 1) = 2, and d£\q = 1) = 2 \/2. The bottom 
panel shows the bifurcation values between intermediate and 
close binaries (d c , dj 1 ')- For q = 1, d c (q = 1) = V2/2 and 
dc~\q = 1) = 0, and the minimum of dj (q) is at q = 1/8 
and do = (3/4) 3 / 4 « 0.806. d c and d w measure the angular 
separation between the primary object and the secondary object 
in units of 6*e, while di\ w = ^/l + qd c , w measure the angular 



separation in units of 8^ 



[i] 



diate and wide binaries are given by (Erdl & Schneider 1993) 



mi m 2 



(1 



TJdl 



(55) 



and 



1/3 



3/2 



(56) 



By means of the mass ratio q and using separations in units 
of the bifurcation values can be written as 



dW(fl) = 



{1 + qf-dF 



3 \ 



27q 



1/8 



and 



d| 1] (<z) = (i + 9 1/3 ) 



3/2 



(57) 



(58) 



Fig. [| shows dc(q), d c (q), dw'(q), and d w (q). One sees 
that dw > d w > 1 for all < q < 1, so that there are no wide 
binaries for d W < 1 or d < 1, and that d^ , d w ~> 1 for g — * 0, 
so that all binaries with d W > 1 or d > 1 are wide binaries 
in the limit q — > 0. dw' and d w increase monotonically to a 
maximum at q = 1, where d w (l) = 2 and dl 1 ' (1) = 2 \/2, i.e. 
all binaries with d W > 2 or d > 2 y2 are wide binaries. For 
the transition between close and intermediate binaries, d c < 
dj 1 ' < 1 for all < q < 1, so that close binaries occur only 
for d W < 1 or d < 1, and dj 1 ' , d c — ► 1 for g — > 0, so that in 
this limit, all binaries with d W < 1 or d < 1 are close binaries. 
While d c decreases monotonically to d c (l) = V2/2, dj 1 ' goes 
through a minimum of (3/4) 3 / 4 rj 0.806 for q = 1/8 and 
reaches d c [11 (l) = 1, so that all binaries with d [l1 < (3/4) 3/4 
or d < V2/2 are close binaries. 

It can be seen that the bifurcation values for equal masses 
correspond to the lens objects being located on the angular Ein- 
stein rings of the individual objects (d c ) or the angular Einstein 
rings of the total mass located centered in the middle of the two 
lens objects (d w ). 



For small q, d, 

dl 1] (q) 



and dw can be approximated by 



1 



|„V3 



(59) 



and the same expressions also hold for d c (q) and d w (q) in this 
limit. For small mass ratios, the region for intermediate binaries 
is small, and the size of this region decreases with q 1 / 3 . 

For a given separation dW, the critical mass ratios q c and 
<7 W , for which the transitions between close and intermediate 
binaries or intermediate and wide binaries occur, follow from 



(i 



-di 



27dl 



tween close and intermediate binaries and d w between interme- and 



,(d ll] 



d l 



,2/3 



1 



(60) 



(61) 



3 Note that this is a fix-point equation for dj 1 ' , which can easily be 
iterated. 
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Note that for (3/4) 3 / 4 < d W < 1, there are two values for q c , 
while for d W < (3/4) 3 / 4 , no solution for q c exists and all mass 
ratios give close binaries. Similarly, for d [1] > V%, one has a 
wide binary for any mass ratio. The approximative relations for 
g« 1, Eq. (|59|), can be inverted to yield 

<Zc(^)^|(l-^) 3 ' 

l) 3 • (62) 



6. The vicinity of the secondary object 

6.1. Full lens equation 

Let us reconsider the lens equation as given by Eq. (jfy and 
study the vicinity of the secondary object by introducing new 
dimensionless apparent position coordinates (xi, x 2 ) and new 
dimensionless true position coordinates (2/1,2/2)- The origin 
of the new dimensionless apparent position coordinates is at 
(xi, x 2 ) — (—d/2, 0), namely at the position of the secondary 
object, and the origin of the new true source position coordi- 
nates is at (2/1,2/2) = (—d/2 + mi/d, 0), namely at that true 
source position that has an image at the p osition of the sec- 
ondary object (see also Di Stefano & Mao (1996)). Moreover, 



[21 

the new coordinates measure separations in units of 6^. , so that 

xi = (x\ + d/2) j\J\ — mi , 



x-2 = x 2 /\/l - mi , 

Vi = (2/1 + d/2 - mi/d) /VI - mi , 

2/2 = 2/2/Vl - mi . 



(63) 



Using these definitions, the lens equation can be written in 
the new coordinates as 



yi(xi,x 2 ) 



Xi 



Xi 



X i ~\~ X<2 



1 ^qxi-dN 
^q{^qxi -dN) 2 + qxl 



Xi 



1 1 

Xi 



X-i ~\~ Xn 



+ 



Xi 



j-^l-r 



1 



m(£i,x 2 ) 



X2 



■r.2 



{^qxi-dWy+qxY 
•i ; 2 



_i_ a?i2 



qx\ 



(64) 



Note that this is the full lens equation; no approximation has 
yet been made. 

For q = 0, these expressions yield the lens equation for a 
Chang-Refsdal lens, i.e. 



2/1 (£1, £ 2 ) = (1 +7)xi 

m{xi,x 2 ) = (1 -7)^2 

with the shear parameter 

7 = l/[dW] 2 . 



Xl 



X 2 I ^2 
X I 



(65) 



(66) 



Thus for small mass ratios q, the properties of the lens are de- 
termined mainly by the angular separation parameter d M and 
depend only weakly on q. 

6.2. Taylor-expansion 

The connection of the binary lens equation with the Chang- 
Refsdal lens equation can also be seen by expanding the deflec- 
tion due to the primary object at the position of the secondary 
object. Expressing Eq. (|4|) in terms of d ^ instead of d W , the 
lens equation reads 



yi(xi,x 2 ) = xi 



y 2 (xi,x 2 ) = x 2 - 



xi 



1 xi-d^ 



x 2 i+x 2 2 q(xi-dM) 2 
1 1 
q dW' 

X2 1 X 2 



ij + x 2 q(xi-dW) 2 +. 



(67) 



The factor 1/q gives the strength of the deflection due to the 
primary object. The Taylor-expansion of 



gi(xi,x 2 ) 
fa(xi,x 2 ) 



xi -d^ 



(£1 -dwy + xi ' 

X2 

(xi - rfl 2 !) 2 + xl 



(68) 



around (xi, £2) — (0, 0) is derived in Appendix A and yields 
withd = d[ 2 ] =d^/y/q 



yi(xi,x 2 ) = xi 



Xl 



00 «=1 L"/2J 



=0 [d 



k=0 



y 2 (xi,x 2 ) = x 2 - . 2 2 

X ~\~ X 2 

-Er^r E ( 2fe " 1 )-r 2fe - 1 ^ +1 (-i) & -(69) 

„=i [d w \ fc =o 

As shown in Appendix B, these series converge for 
\J £\ + x\ < d^- 2 \ i.e. within a circle around the secondary ob- 
ject that has the primary object on its circumference. Note that 
this is the maximal possible region of convergence, because 
the functions y\(xi,x 2 ) and y 2 (xi, £2) themselves diverge for 
(x\,x 2 ) — (d^ 2 \0). Taking into account terms up to n = 4, 
the lens equation reads 



2/1 (xi, £ 2 ) = xi - 



Xl 



1 



■ Xl 



X 2 +X 2 [di 1 !] 2 

2 ,i.2\ 1 « /~3 



+ |rf^3 (^1 ~ ^2) + rj[l]]4 ( S l ~ ^l^) > 



■I' 2 



1 



X2 



[dM] J 



2xiX2 



[dW] 



(3xfx2 - xi) . (70) 
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Fig. 5. The transition of the caustic 
shape from the equal mass case to ex- 
treme mass ratio, or: How the Chang- 
Refsdal limit is approached for differ- 
ent separations between primary ob- 
ject and secondary object. All subfig- 
ures show the mass ratios q = 1, 
0.1, 0.01, 10~ 4 , and (exact Chang- 
Refsdal case). On the left side, configu- 
rations with d W > 1 are shown, while 
the right side shows the dual configura- 
tions with the inverse < 1. From 



the top to the bottom, 
proaced. 



1 is ap- 



One sees that the Chang-Refsdal lens equation is revealed as 
the Taylor-expansion up to n = 1. The term for n = gives 
the shift of l/(y/qd W) in the yi -coordinate. If one keeps the 
distance d M fixed, every higher-order term involves an addi- 
tional factor of y/g/ii W, so that the series converges faster for 
smaller q and the Chang-Refsdal lens equation is the exact lens 
equation for q — > 0. 

To see why the Chang-Refsdal approximation fails for 
rfW — > 1, let us consider the cases dM > 1 and rfW < 1 
separately. 

For d W > 1, one has 7 < 1. For large rfM 3> 1, 7 tends 
to zero, and the critical curve tends to a circle with radius 1 



(\x\ ~ 1), so that the criterion for the convergence of the se- 
ries at a multiple /3 > 1 of the critical curve distance becomes 
d I 1 ' > (3^/q, which can be fulfilled with a sufficiently large 
rfW for any < q < 1. This means that the Chang-Refsdal 
approximation is valid for suffiently wide binaries, where 'suf- 
ficiently wide' means a smaller c?W for smaller q. As e? W > 1 
tends to 1, the critical curve grows like |1 — 7| -1 / 2 , so that at 
some point the convergence criterion can no longer be fulfilled; 
this occurs closer to d W = 1 for smaller q. 

The case g?W < 1 corresponds to 7 > 1, and, as for 
the other case, the critical curves grow towards d M = 1 like 
|1— 7| -1 / 2 . The Chang-Refsdal approximation thus also breaks 
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down as one approaches — 1 from the side dW < 1, 
For small rfW, i.e. large 7, the position of the critical curves 
moves to 1/^/7 = d^ above or below the si-axis, and the 
convergence criterion at a multiple of this position becomes 
q < 1//3 2 , so that for close binary systems the Chang-Refsdal 
approximation is the better the smaller q, and fails for q — ► 1, 
which also implies that the Chang-Refsdal approximation fails 
in a close system near the primary object. 

6.3. Chang-Refsdal limit and caustics 

The way in which the caustics approach the Chang-Refsdal 
limit for q — > for different separations g?M is illustrated 
in Fig. U using the separations dM = 2, 1.118, 1.06 (cor- 
responding to the shear parameters 7 = 0.25, 0.8, 0.95) and 
the dual casesQ dW = 0.5, 0.894, 0.975 (corresponding to 
7 = 4, 1.25, 1.053), and the mass ratios q = 1, 0.1, 0.01, 
10~ 4 , and 0. For d [l1 > 1 (7 < 1) one sees that the Chang- 
Refsdal caustic evolves as the left part of the six-cusp caustic 
for q = 1. The transition between the six-cusp caustic and 
the two four-cusp caustics occur for d'- 1 ' = 2,1.118,1.026 
at g w = 0.203, 4.6 • 10~ 4 , and 5.1 • 10~ 6 respectively. For 
d W > 2 V2, one has two four-cusp caustics (i.e. the wide bi- 
nary case) for all mass ratios. For d W < 1 (7 > 1), the two 
triangular shaped Chang-Refsdal caustics evolve from the two 
triangular shaped caustics for q = 1. If dM > (3/4) 3 / 4 , there 
is a transition from close to intermediate binary and back to 
close binary, while for cfM < (3/4) 3 / 4 , one has a close bi- 
nary for any mass ratio. While d [l1 < (3/4) 3/4 w 0.806 is 
fulfilled for g?M = 0.5, the two other cases show transitions at 
d c = 0.581 and d c = 4.5 • 10~ 3 (d M = 0.894) or d c = 0.899 
and d c = 4.2 • 10~ 5 (dM = 0.975). Both for d W < 1 and for 
d M > 1 one sees that the Chang-Refsdal limit is approached 
more slowly as d W — > 1. 



7. The perturbative picture for small mass ratios and its 
limits 



The idea of th e pert urbative picture (G ould & Loeb 1992; 
Gaudi & Gould |1997| ; Griest & Safizadeh |1998| ) is that the be- 
haviour of the binary lens for small ratios is mainly determined 
by the primary object and that the secondary object perturbs 
one of the two images due to lensing by the primary object. For 
the lensing by the primary object, one has the lens equation 



y[l] =x [l] 



f[l]|2 ' 



(71) 



where the coordinates are centered on the primary object and 
denote angular coordinates in units of 9^. In polar coordi- 
nates, this means that the radii fulfill the equation 



.[i] 



1 



(72) 



See Sect. [7] for a discussion of this duality. 



and that the polar angle is conserved. Thus, for a given position 
y [1] > 0, one obtains two images 



(73) 



where x^ denotes the 'major image', and x_ denotes the 'mi- 
nor image', and 



-1 



Since 

x l + ] >l, -1<^I 1] <0, 



(74) 



(75) 



the major image is always located outside the Einstein ring, 
while the minor image is always located inside the Einstein 
ring. The total magnification of the two images is 

yW 2 + 2 

A*tot = ; , (76) 



[i] 



y 1 



m4 1] ) 



G"tot 

(yUtot 



1) > 1, 

i) = / i(4 1] )-i 



(77) 



and the magnification of the individual images is 
1 

2 
1 

2 lA*tot - 1) = 

so that the major image is the brighter and the minor image is 
the dimmer image. It has been shown in Sect. ^ that to achieve 
the Chang-Refsdal lens limit near a secondary object located at 
d W from the primary object, the origin of the true source po- 
sition coordinates is not at the position of the secondary object 
but shifted by 1/d W towards the primary object, so that it is 
located at 



D = d^-l/d^ 



(78) 



which can also be understood as the secondary object being 
located at the position of an image of a source object at D under 
lensing by the primary object, as can be seen by setting x W = 
d W and y M = D in Eq. (|7l[). The coordinate D is identical to 
the center of the Chang-Refsdal-like caustic corresponding to 
the critical curves near the secondary object. 

Identifying Eq. ([78]) with the lens equation of a point lens, 
one sees that there are two solutions for the position of the sec- 
ondary object that put a caustic at D, namely 



: 1] = I ( D ± VD 2 + 4) , 



(79) 

where dj 1 ' corresponds to the major image, while d^ corre- 
sponds to the minor image. A source object close to the caustic 
therefore has one image at the position of the secondary object, 
where this image is the the major image fordW = d| 1] > 1 
and the minor image for |<iW| = |d_ | < 1. The secondary 
object thus perturbs the major image for d M > 1, and the mi- 
nor image for \d^ | < 1. As can be seen easily from Eq. ([78]), 
'dual' configurations with 



(80) 
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Fig. 6. Positions and shapes of the crit- 
ical curves (left) and caustics (right) 
for several separations between the lens 
objects and a fixed mass ratio q = 0.01. 
The coordinates are centered on the po- 
sition of the primary object and in units 
of the angular Einstein radius 6^ of 
the primary object. The Einstein ring is 
shown as a dashed line. The secondary 
object is located to the left of the pri- 
mary at a distance cfM, its position is 
indicated by a black dot. The 'center' 
of the caustic near the secondary object 
is located at D = d M - l/d^ to the 
left of the primary object for d W > 1, 
at the primary object for d W = 1, and 
at —D to the right of the primary object 
fordW < 1. 



yield perturbations at the same position D. Since the shear in 
the Chang-Refsdal limit is 7 = l/[d [1 l] 2 (Sect. ||), the ma- 
jor image case corresponds to 7 > 1 and therefore yields a 
diamond-shaped caustic, while the minor image case corre- 
sponds to 7 < 1 and therefore yields two triangular-shaped 
caustics. A configuration with shear 7 has a dual configuration 
with shear I/7. In the major image case, the secondary object 
and the caustic are on the same side of the primary object, while 



they are on different sides in the minor image case. To have a 
positive separation d W, one has to choose D < in the minor 
image case and the duality then reads 

rf [11 ^4rr and D^-D. (81) 

The perturbative picture means that one of the two im- 
ages of the point-mass lens (primary object) is disturbed by the 
secondary object. Since the secondary object acts as Chang- 



14 



M. Dominik: The binary gravitational lens and its extreme cases 



Refsdal lens (with pure shear) on either the major or the mi- 
nor image, this image is split into two images or four images 
for both the major image and the minor image case, depend- 
ing whether the source is inside or outside the Chang-Refsdal 
caustic. Therefore, the 3 or 5 images of the binary lens are the 
2 or 4 images of the Chang-Refsdal lens of the affected pri- 
mary lens image, and the unaffected image. It is interesting to 
note that the Chang-Refsdal lens has been invented to study 
the influence of a single star in a galaxy that lenses a quasar 
(Chang & Refsdal |l979j |l984| ), where the star splits one of the 
(macro-)images due to the galaxy into microimages. In the case 
of binary lenses with small mass ratios, one has a similar situa- 
tion, where the primary object takes the function of the galaxy 
and the secondary object takes the function of the star. 

For a given mass ratio q = 0.01, the critical curves and 
caustics and the positions of the two lens objects are shown 
in Fig. U The position of the secondary object is shown by 
a small dot and the primary object is located at the coordi- 
nate origin; distances are measured in units of 9-^\ The sec- 
ondary object is always located to the left of the primary ob- 
ject. The center of the caustic of the secondary object is located 
to the left of the primary object for > 1, to the right for 
d' 1 ' < 1, and at the primary for dM = 1. Note the growth 
of the caustics for d W — * 1, and the transition from wide bi- 
naries to intermediate binaries (at d| 1] « 1.340) to close bi- 
naries (at dj ~ 0.870). The center of the caustic of the sec- 
ondary object is inside the Einstein ring of the primary object 
for (V5 - l)/2 < d [1] < (a/5 + l)/2. Since planets in this re- 
gion are favoured to be detected in current searches (Gould & 
Loeb |1992] Bol atto & Falco [l994|; B ennett & Rhie |99§ Gaudi 
& Gould |1997t Wambsganss |1997fc Griest & Safizadeh |l998|), 



this region has been called Tensing zone'. 

One sees that there is a finite region around d W = 1 in 
which the binary lens cannot be approximated by a point-mass 
lens at the primary object plus a local distortion of one image 
by the secondary object described by a Chang-Refsdal lens. 

In fact, the Chang-Refsdal approximation supports wide bi- 
nary lenses, where 7 < 1, and close binary lenses (near the 
secondary object), where 7 > 1, while the 3rd topology of in- 
termediate binary lenses has no counterpart by means of the 
Chang-Refsdal approximation. The perturbative picture there- 
fore fails for d\ 1] < d W < d£ ] . However, for q -► 0, dj 1] -► 1 



and d 



[i] 



1 so that the region for intermediate binaries van- 



ishes, and for a given rfW 7^ 1, the Chang-Refsdal approxima- 
tion is valid for a sufficiently small mass ratio q, where 'suffi- 
ciently small' means a smaller value as d W — ► 1. 

8. The central caustic 

8.1. Wide binaries and Taylor-expansion 

In Sects. |^ and ^, the effect of the primary object on the sec- 
ondary object has been studied. However, since there is an 
inherent symmetry upon the interchange of the primary with 
the secondary object, the secondary object also influences the 
vicinity of the primary object, which leads to the existence of a 



small 'central caustic'^], which is located at the position of the 
primary object shifted by the deflection due to the secondary 
object for wide binaries. For close binaries, there is also a cen- 
tral caustic which is located at the center of mass. Let us first 
investigate the wide binary configuration. 

To investigate the effect of the secondary on the primary 
object, one can choose coordinates in analogy to those used for 
the discussion of the effect of the primary on the secondary ob- 
ject, given by Eq. (|63|), by just exchanging the roles of the two 
lens objects. Let the coordinates (ii,£a) ar *d (2/1,2/2) measure 
angular positions in units of 9^} and let the origin of the di- 
mensionless apparent position coordinates be at the position 
of the primary object, i.e. at (£1,2:2) = (d/2, 0). The ori- 
gin of the dimensionless true position coordinates is chosen at 
(2/I7Z/2) = (d/2 — 7712/d, 0). A source object at this position 
has an image at the position of the primary object due to the 
deflection of the secondary object. This means that 



x\ = (xi - d/2) /y/nii, x 2 = 
{yi-d/2 + m 2 /d)/y/m~[, y 2 




(82) 



The lens equation in these coordinates reads 



3'1 



5i + dW 



yx{x x ,x 2 ) - x x ^ + 5 ;2 q ^ 1 + d my + s .2 ' d [i] » 



y 2 (x u x 2 ) = x 2 - , 2 i , 2 - q — 



l{+x\ H (5i+dW) 2 +; 



(83) 



The expansion of the deflection terms 



31(2:1,2:2) 
32(2:1,2:2) 



{xx + dwy + xi ' 

X2 

(xx +dW) 2 +x% 



(84) 



has been derived in Appendix A and yields with d = — d W the 
lens equation as 



yi(xi,x 2 ) = xx 

i-iy 



xx q 



x\+~x\ dM 

Ln/2j 



n=0 L^ ll| J fe=0 



y 2 (xi,x 2 ) = x 2 - _ 2 _ 2 

(— 1)" +1 
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As shown in Appendix B, these series converge for 
\J x\ + x\ < d I 1 ! , i.e. within a circle around the primary object 
that has the secondary object on its circumference. As for the 
case of the effect of the primary object near the secondary ob- 
ject, this is the maximal possible region of convergence, since 



as it has been named by Griest & Safizadeh (1998) 
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yi(xi,x 2 ) and 2/2(^1, #2) diverge for (xi,x 2 ) = (-dM,0). 
Including the terms up to n = 4 yields 



yi{xi,x 2 ) = xi 



+ q 



™2 1 ,.2. 



X\ 



'r>2 z,'2 ~3 o ™2 

2 1 1 o -x 1^2 



^2 



[dW] 2 



[dW] 



2iiX2 a; 3 , — if i 2 



(86) 



7 



_[dW] 2 [dW] 3 [d™] 4 

This shows that the Chang-Refsdal term involves a shear of 

(87) 



[dW] 2 [dM] 



compared to a shear of 7 = l/[dW] 2 for the action of the pri- 
mary object on the secondary object. The coordinate scales dif- 
fer however by a factor of yfq between the Einstein radii of the 
primary object and of the secondary object, so that the caustic 
near the primary object is smaller than that near the secondary 
object by a factor of yfq for wide binaries. Note that for con- 
stant d W , the size of the caustic near the secondary object de- 
creases with y/q (but the shear remains constant), while both 
the size of the caustic near the primary object and the shear 
decreases with q. 

To understand the validity of the Chang-Refsdal approxi- 
mations for different d M and q, arguments similar to those in 
Sect. H can be used. 

For large d W, 7 tends to zero, and the critical curve tends 
to a unit circle. To have convergence at a multiple j3 > 1 of 
the distance of the critical curve, one has therefore to fulfill the 
criterion d M > /?, which can be fulfilled for sufficiently large 
rfW. Contrary to the vicinity of the secondary object, the con- 
vergence criterion does not depend on q, so that at a given d ^ , 
one has the same deviation from the Chang-Refsdal limit for 
any mass ratio q. Since for rfW — * 1, the size of the critical 
curves increases like |1 — 7| -1 / 2 , the Chang-Refsdal limit fails 
at some d W ~ 1 (which does not depend strongly on q). For 
g?W — * 0, the critical curves are at I/V7 = d' 2 ' = d^'/y/q 
above or below the x 2 -axis, and the convergence criterion be- 
comes q > /3 2 , which cannot be fulfilled for Q < q < 1. As 
already pointed out in Sect. ^, the vicinity of the primary ob- 
ject can therefore not be approximated by a Chang-Refsdal lens 
in a close binary system. 

8.2. Close binaries and the duality 

In the previous sections, it has already been shown that for a 
wide binary lens, the vicinity of each of the lens objects can be 
approximated by a pure-shear Chang-Refsdal lens with 7 < 1 
for sufficiently large separations. In addition, it has been shown 
that the vicinity of the secondary object for small separations 
d M < 1 can be approximated by a pure-shear Chang-Refsdal 
lens with 7 > 1, while the vicinity of the primary object cannot 
be described by a Chang-Refsdal lens. 



As pointed out in Sect. [I| for distances from the lens that are 
much larger than the separation between the two lens objects, 
the lens equation can be approximated by means of the mul- 
tipole expansion, where the absolute value of the eigenvalues 
of the quadrupole moment Q is given by Eq. @. The main 
effect of the binary lens in this limit is that of a point-mass 
lens located at the center of mass with the total mass of both 
lens objects and a distortion by the quadrupole term, which, 
for Q < yj, yields to a diamond-shaped caustic at the origin 
with size 4Q, and a critical curve close to the unit circle. For 
d W <C 1, sources close to the coordinate origin are mapped to 
image positions near the critical curves, for which the distance 
from the center of mass \X\ is much larger than the separation 
between the lens objects d. The quadrupole limit becomes in- 
valid however for image positions \X\ ~ d, especially in the 
vicinity of the secondary object for q <C 1, where the Chang- 
Refsdal approximation becomes valid. 

Though the lens equation cannot be described by a Chang- 
Refsdal lens, there are some similarities between the caustics. 
A wide binary lens with a shear 7 at one of its lens objects and 
a close binary lens with Q — 7 have similar caustics and mag- 
nification patterns and can therefore yield ambiguous solutions 
for an observed binary lens event. 

If one compares the quadrupole moment, Eq. (J4C|), with the 
shear 7 = <7/[dW] 2 acting on the primary object for wide bi- 
naries, one sees that these configurations correspond to dual 
cases g? W (1 + g) 3 / 2 /dM or d <-> {l + qf^/d. In the limit 
q -C 1, one obtains approximately the same duality as for the 
vicinity of the secondary object efM «-> Moreover, for 

q ~ 1, the caustic for a close binary is symmetric and similar 
to the Chang-Refsdal limit near the secondary object for a wide 
binary, which is degenerate in q for small q. Thus an ambigu- 
ity exists between about equal mass close binaries and small 
mass ratio wide binaries if only the vicinity of the secondary 
object and no effect from the primary object is observed. An 
example for this are the binary lens fi ts for MACHO LMC-1 
performed by Dominik & Hirshfeld ( 1996 ): wide binary fits 
with 7 = 0.043, 0.050, 0.051, 0.057, and close binary fits Q = 
0.041 or 0.047 were fo und al l to be good fits to the data. 

Griest & Safizadeh (1998) have investigated the asymmetry 
of the central caustic. They find that it has a 'tip' towards the 
secondary object located at 



ft 



(88) 



from the primary object for small q and dM not close to 
rfW = 1. They also note that at is invariant under the duality 
transformation d W <-» 1/dW, so that similar caustics appear in 
both cases. However, this can only be decided after moving to 
the adequate coordinate system, which is the center-of-mass in 
the case of the close binary, and the position of the primary cor- 
rected by the deflection by the secondary object (this is where 
the caustic is centered) in the case of a wide binary. The loca- 
tion of the tip in the center-of-mass system is (for q <C 1) 
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Fig. 7. The central caustic for the binary lens for a given quadrupole moment Q (left) or a given shear 7 (right) for different 
mass ratios q. The coordinates are centered on the center of mass for the close binary, Q = const, cases, and on the caustic (i.e. 
position of the primary shifted by deflection of secondary object) for the wide binary, 7 = const, cases. The caustics for the 
corresponding quadrupole or Chang-Refsdal lenses are also displayed; for the cases Q = 0.01, Q = 0.0001, and 7 = 0.0001, 
the difference between these caustics and the caustics for a binary lens with q = 1 cannot be seen. The asymmetry of the caustics 
increases towards smaller q. For q = 1, the close binaries have symmetric caustics. For Q = 0.01, the separations between 
the lens objects that correspond to the mass ratios shown are d W = 0.283, 0.365, and 0.604. For 7 = 0.01, the corresponding 
separations are rfW = 10, 3.16, 1.73. c Q = 0.0001. For Q = 0.0001, the corresponding separations are rfW = 0.028, 0.102, 
and 0.317, and for 7 = 0.0001, the corresponding separations are dW = 100, 10, and 3.2. 



_(i-dmy 1 

FordM « 1, one obtains 
3 



(89) 



= 2Q 



+ _ d [i] +2 [dW] 2 



Q/q + 2Q/q 



(90) 



so that s t tends to the value 2Q for Q/q <C 1, i.e. d ^ <C 1, as 
expected for a quadrupole lens for Q <C 1. 

For a wide binary, the location of the tip relative to the caus- 
tic center is (for q <C 1) 



CTt 



g 

dW 



(1-1/dW) 2 
FordW > 1, one obtains 



dW 



(91) 




(92) 



so that St tends to the value 2j for 7/g <C 1, i.e. d' 1 ' » 1, 
as expected for a Chang-Refsdal lens for 7 <C 1. In fact, 
since one just subtracts the dual coordinate origin corrections, 
s t (dW) = S t (l/dW) and s t (Q) = S t (7), the dual cases yield 
very similar caustics. 

In both cases, for given Q or given 7, the limit and therefore 
the symmetry of the diamond-shaped caustic is approached 
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Fig. 8. The central caustic for the binary lens for a given angular separation d W and various mass ratios q. The coordinates are 
centered on the center of mass for the close binaries (left), and on the caustic (i.e. position of the primary shifted by deflection of 
secondary object) for the corresponding wide binaries (right). 



faster for larger q, because this corresponds to a separation 
further from <f M = 1, as illustrated in Fig. [7]. While the size 
of the central caustic in 1/2- direction does not grow much as 
d W — > 1, an elongation towards the secondary object evolves 
for small q yielding to the tip described above. 

However, Eqs. ( |90| ) and ( p2[ ) show that the relative asym- 
metry for q -C 1 depends only on d W, so that for the same d W 
there is no difference among different mass ratios (see Fig. [$]). 
While for close binaries, the caustic becomes symmetric as 
q — ► 1, because of the symmetry of the lens with respect to 
the center of mass, the asymmetry remains for wide binaries. 

For a given Q, there is a limit on the possible mass ratios 
q arising from the condition rfW < 1. For 5 « 1, this limit 
becomes q > Q. In the same way, for a given 7, there is a limit 
on q arising from d M > 1, which becomes q > 7 for q <C 1. 

In both cases, the size of the caustic depends mainly on 7 
or Q, while the separation d M determines the asymmetry. 

9. Diamond-shaped caustics 

As argued in the previous sections, there are rough similarities 
and small differences between the binary lens and its limiting 
cases, the quadrupole lens and the pure shear Chang-Refsdal 
lens. In addition, there is a similarity between the quadrupole 
lens and the pure shear Chang-Refsdal lens for 7 < 1 if the 
shear and the absolute value of an eigenvalue of the quadrupole 
moment coincide. 

In particular, there are several cases, where a diamond 
shaped caustic arises. This is the case for both close and wide 
binary lenses, where in the first case there is one central caus- 
tic, while in the second case, two diamond-shaped caustics near 



both lens objects occur. Both the pure shear Chang-Refsdal 
lens and the quadrupole lens produce a diamond-shaped caus- 
tic, namely for 7 < 1 or Q < 

However, there is a difference concerning the number of 
images. Depending on whether the source is inside or outside 
the caustic, the binary lens produces 3 or 5 images, while the 
Chang-Refsdal lens produces 2 or 4 images, and the quadrupole 
lens produces 4 or 6 images. While at first sight this seems to 
be an important difference, this difference is not so important if 
looking at the total magnification because for a source close to 
the caustic, the images common to all lens models have much 
larger magnification than the images that occur only for certain 
lens models. 

In Fig. H the image trajectories for a source passing close 
to the caustic are shown for both close and wide equal mass 
binary lenses and the corresponding quadrupole and Chang- 
Refsdal lenses. For the close binary lens the angular separation 
is d = 0.4, while it is d = 5 for the wide binary lens. For 
the quadrupole lens, Q = 0.04, and for the Chang-Refsdal lens 
7 = 0.04. The sign of 7 is chosen to be that one that arises from 
the limit of a wide binary, so that the extent of the caustic along 
the si-axis is larger than the extent along the a^-axis. A close 
binary however has a caustic that has longer extent along the 
Xi-axis. The motion of the images induced by the motion of the 
source is indicated by arrows. Small filled circles separate the 
different image tracks and mark image positions for t — > ±00. 

10. Summary 

The critical curves and caustics of a binary lens have 3 dif- 
ferent topologies, which for any given mass ratio q depend on 
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d M which is the angular separation between the lens objects 
in units of the angular Einstein radius 8^ of the heavier, 'pri- 
mary', lens object. These 3 different topologies can be catego- 
rized as 'close' (small d^), 'intermediate' (around cfM = 1), 
and 'wide' (large d M ). There are no close binaries for d W > 1 
and there are no wide binaries for d W < 1. The region of in- 
termediate binaries vanishes for q — ► like g 1 / 3 . 

For close and wide binaries, the binary lens can be approx- 
imated by simpler models if one considers the vicinity of the 
caustics that occur near the primary or the secondary object. 
For intermediate binaries, there is only one caustic which can- 
not be approximated in a similar way. 

Near the secondary (less-massive) object, the deflection 
due to the primary object can be Taylor-expanded, where the 
Chang-Refsdal approximation corresponds to a truncation of 
this series. The shear is given by 7 = l/[dW] 2 , so that for 
a wide binary lens, where d W > 1, i.e. the secondary object 
being outside the Einstein ring of the primary object, one has 
7 < 1, and therefore a diamond-shaped caustic. In the language 
of the perturbative picture, the major image has been perturbed. 
For a close binary lens, g?W < 1, i.e. the secondary object is 
inside the Einstein ring of the primary object, 7 > 1 and there 
are two triangular shaped caustics, and the minor image is per- 
turbed. 'Dual' configurations rfW <-* (i.e. 7 <-» I/7) 
yield caustics at the same distance (but on different sides) from 
the primary object. 

This shows how the 3 binary lens topologies are mapped 
onto the 2 pure shear Chang-Refsdal topologies for q <C 1, 
where the intermediate topology has no counterpart. 

For a given dM, the lens equation in the vicinity of the 
secondary object approaches the Chang-Refsdal lens equation 
as q — > 0, i.e. the Chang-Refsdal approximation becomes better 
for smaller q. The Chang-Refsdal approximation breaks down 
as d W — > 1, latest when the transition to an intermediate binary 
occurs. For smaller q, d M = 1 can be approached more closely 
without the approximation breaking down. 

In the vicinity of the primary object, the Taylor-expansion, 
and therefore the Chang-Refsdal approximation, works only 
for wide binary lenses. The shear is 7 = g/lcZM] 2 , and there- 
fore the (central) caustic near the primary object is smaller by 
yfq than that near the secondary object. For close binaries, the 
vicinity of the center of mass, which for q <C 1 is located near 
the primary object, can be described by means of multipole ex- 
pansion. An approximate model involves the monopole term, 
i.e. a point-lens with the total mass in the center of mass, and 
the quadrupole term, with the absolute value of the eigenvalues 
of the quadrupole moment of Q = qd 2 /(l + q) 2 ~ g[dW] 2 . 
The quadrupole lens and the pure shear Chang-Refsdal lens 
have similar caustics and magnification patterns if Q = 7. 
In addition, the asymmetry (due to higher order terms) is the 
same in both cases, so that there is an ambiguity between these 
cases for any given q. The condition Q = 7 implies the duality 
cfM <-> (1 + <7) 3 / 2 /ci W, which for q <C 1 is approximately the 
same duality as for the vicinity of the sec ondar y object, namely 
<-> 1/tfM. In fact, Albrow et al. ( |l999| ) just found this 
duality in their discussion of all possible models for the MA- 



CHO 98-SMC-l event. The relative asymmetry of the caustic 
depends only on d M with the exception of d M ~ 1 in the close 
binary case, since the caustic becomes symmetric as <i M — * 1. 
Therefore, d ^ determines the asymmetry, while 7 or Q deter- 
mine the size of the caustic. 

If one only observes the vicinity of the secondary object, 
an additional ambiguity enters due to the fact that one exhibits 
nearly a degeneracy in q for small q, which is also ambiguous 
to a close binary with nearly equal mass (Dominik & Hirsh- 
feld 119961). 
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Appendix A: Taylor-expansion of the deflection term 

To expand deflection terms of the form 

x\ — d 



92(xi,x 2 ) 



{x\ — d) 2 + x\ 
(xi — d) 2 + x\ 



(Al) 



around (27,2:2) = (0,0), let us proceed as follows. Let 
g(xi, x 2 ) be defined as 



g{xi,x 2 ) = i \n{x\ +2; 2 ), 



(A2) 



and let indices to g denote derivations with respect to 37 or x 2 . 
The first derivatives are given by 



gi (xi,x 2 ) 



Xl 



1 ' 2 



g 2 (x x ,x 2 ) 



x 2 



^2 I o->2 
■< 1^ ■'■ 2 



(A3) 



Since gi(£i,x 2 ) — gi(x\ — d,x 2 ), the expansion of gi around 
(xi,x 2 ) = (0,0) is equivalent to the expansion of gi around 

(3:1,352) = (—d,0). 

In A ppend ix B, it is shown how the expansion for gi and 
g 2 (Eq. ( |A14 )) can easily been obtained using complex nota- 
tion. However, the same result can also be obtained with two- 
dimensional real notation as shown here. 

The next 3 derivatives of g are given by 



9ij 
9ijk 
9ijkl 



1 



[-2s(8ijXk + SjkXi + SikXj) + 8xiXjX k ] , 
[-2s 2 (SijSki + SjkSu + SikSji) + 



+ 8s (SijXkXi + SjkXiXi + 5 lk XjXi + 
+ SaXjXk + 6jiXiXk + SkiXiXj)- 
- 48xiXjXkXi] , 
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the Taylor-expansions for gi and g 2 around (x , 0) read 

1 



9i 



(x +x 1 ,x 2 ) = ^2 ^2 



In general, the expressions are symmetric in the indices and 
the n-th derivative involves a sum of up to n-th order polyno- 
mials divided by s n . For (£1,2:2) = (— d, 0), all terms involv- 
ing X2 vanish, the only remaining polynomials are those oc x\, 
thus the n-th derivative at (x\ , 2:2) = (— d, 0) is proportional to 

Since s is the scalar product of the vector x with itself, g 2 {x$ + at?i, x%) = 
it transforms like a scalar under coordinate transformation, n— m— C 

Therefore, with g = | In s being a scalar, the first derivatives 
9i — Xi/s form a vector and the higher derivatives (of order 
n) form a symmetric (due to Schwarz's theorem) tensor of or- 
der n. Forming a symmetric tensor requires the terms in the 
enumerator to be of the form 



(n — m)l ml 



n—0 m— 

(xo,0)x™ 171 x™ , 



(n — m)l ml 
■G n+1 , m+1 (x ,0)x?- m x?- 



(A13) 



Inserting G n>m from Eq. ( |A1 1[ ) and omitting the terms with 
odd m yields 



^Ql,Q2 • • ■ ^Q r _i,Q r Xfii . . . 2?^ 



(A6) 



where a>i and /3, denote indices of g and r + s = n.^] Note 
that is the metric tensor in euclidian space. If there is an 
odd number of indices being equal to 2, a term involving x 2 is 
present, or a $12 occurs, so that for x 2 = all derivatives with 
an odd number of derivations with respect to x 2 vanish. 

Let G n m (xi, x 2 ) denote the n-th derivative of g, where g 
is derived m times with respect to x 2 and n — m times with 
respect to x±, i.e. 



d 

dx\ 



d 



dxo 



G n ,m(xi,X 2 ) 

Since 

gn{x!,x 2 ) = ~g 22 {x 1 ,x 2 ) 
one gets 

G n , m +2{xi,X 2 ) = —G n ,m (2:1,2:2) 



5(2:1,2:2) . 
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Moreover, G n: 0(2:0, 0) is given by the derivatives of the one- 
dimensional function h(x) = Inx, i.e. 



G n , 0(2:0,0) 



1 / d 



2 V dxi 



(ln(^+^))(^o,0) 



±Y (lnx)(x Q ) = (-1)" +1 i^ill.(AlO) 



Combining all properties of G n . m (xo, 0), it can be written as 

G n ,2k+1 (2:o,0) = 0, 

,k (-l)"(n-l)! 



G„, 2 fc(2;o,0) = (-1)* 



(All) 



with k e IN . 

Since the Taylor-expansion for a scalar function / depend- 
ing on two coordinates is given by 
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With xq = —d, one obtains the expansion of g\ and g 2 
around (£1, x 2 ) = (0, 0), which converges for \J x\ + x\ < d 
(see Appendix B). 

Appendix B: Taylor-expansion of the deflection term in 
complex notation 

As pointed out by Witt (1990), the lens equation can also be 
formulated by means of one-dimensional complex coordinates 
instead of two-dimensional real coordinates. Using the com- 
plex notation, some calculations become more easy and some 
deep mathematical theorems can be derived. Here I show that 
the Tayl or-expansion for the functions g\ and g 2 as defined in 
Eq. (A3) can be easily obtained using complex notation as fol- 
lows. 

With z = x\ + 1x2, one can write these functions as 

31(2:1, 2; 2 ) = $tf(z) , g 2 (xi,x 2 ) = , (Bl) 

where 

1 

(B2) 



\zr z 



is an analytical function of z. This function can be expanded 
into a power series around a point ~zq given by 



/ (n) (^) 



(B3) 



where /W denotes the n-th derivative with respect to z, which 
is given by 

/W( 35 ) = (-l)*-^L r . (B4) 
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dx 1 



dx 2 ) 



f(x )e™~ m e 2 n , (A12) This yields for the power series 



Moreover, all permutations must be present in order to form a 
symmmetric tensor. 



(B5) 
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For zo = (xq, 0) = z , one obtains 

f(x + Xi 



ix 2 



E — 

n = 



X 



Xi - 1X2) 



Ey?E(?)^4(-iyi'-(B6) 



=0 



Separating this into real and imaginary part yields the expres- 



sions given by Eq. ( A14). Note that even values of I contribute 
to <?i while odd values of I contribute to g 2 ■ 

To investigate for which values of (x lt x 2 ) this series con- 
verges, let us first investigate the case x 2 — 0, in which the 
series reduces to 



f{x + xi) = 



n+l X l • 



n=0 A 

This series is a geometrical series 

oo 

/(a;o + a:i) = /o J2 r " 

n=Q 

with 

So = 1/zo , r = -xi/xq . 



(B7) 



(B8) 



(B9) 



Since the geometrical series converges for \r\ < 1, the series 
for / in the case x 2 = (Eq. (B7)) converges for |a;i| < |xo|. 
Since a complex power series converges inside a 'convergence 
radius' and diverges outside, the series for / (Eq. (B6)) con- 



verges for \z\ < \xq\, i.e. for x\ + x\ < \x \. 
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Fig. 9. Diamond-shaped caustics and source trajectory (left), 
critical curves and image trajectories (right) for 4 different lens 
models yielding similar caustics. Arrows indicate the direction 
of motion, small filled circles separate the image tracks and in- 
dicate images for t — > ±oo. The source passes at uq = 0.1 
from the center of the caustic (coordinate center), and the an- 
gle between i/i-axis and the source trajectory is a = 1 rad. 
For the wide binary model, the critical curve and caustic near 
the left lens object are shown. There are mirror-symmetric crit- 
ical curves and caustics near the other lens object as well as 
another image track consisting of images with small magnifi- 
cations near the other lens object which are not shown. For the 
close binary, the two small triangular shaped caustics and the 
coresponding small nearly circular critical curves along the x 2 - 
axis are not shown. The positions of the filled circles coincide 
with the positions of the two lens objects. For the quadrupole 
lens, there are two small triangular caustics along the y 2 -axis 
and two corresponding small nearly circular critical curves near 
the X2-axis which are not shown. 



